We study the lattices of algebraic and transcendental cycles of cubic fourfolds.
complement in A(X) to the class of a hyperplane section). These lattices are primitive sublattices of the middle integral cohomology lattice
and its primitive piece H 4 (X, Z) 0 which is isomorphic to
Given a lattice S with quadratic form Q, we will call x ∈ S a root, if Q(x, x) = 2. We will call y ∈ S a long root, if Q(y, y) = 6 and Q(y, S) ⊂ 3Z.
For the other notation and terminology we refer the reader to Sect. 2.
The rest of this section contains the main results of the paper. In all the statements a positive integer ρ coincides with the rank of the lattice A(X) of algebraic cycles on the corresponding cubic fourfold X. In particular, when ρ(X) = 1, A(X) = Zh 2 (a rank 1 lattice with matrix < 3 >), A 0 (X) = 0 and T (X) = H 4 (X, Z) 0 ∼ = L 0 . For a finite abelian group B we define l(B) to be the minimal number of generators of B and B p to be its p-component (in the decomposition of B into a direct sum of finite abelian p-groups B = p B p ). In the next corollary we use notation from the classification of p-adic lattices [8] , which is recalled in section 2.3 below. In particular, we use invariants v p ∈ {0, 1} and θ p ∈ Z * p /(Z * p )
2 . • If l(A S ) = l((A S ) 3 ) + 1, then (−1) rk(S)+1 ·(θ 3 ) v 3 3 = 1.
Corollary 5.3 Let S be an even lattice without roots, sign(S)
• If l(A S ) = l((A S ) 2 ) and q 2 = q (2) θ (2) ⊕ q ′ 2 , then v 2 = 1 (in this case also rk(S) > l(A S )).
B There exists an element h ∈ A S of order 3 such that q S (h) = 2 3 ∈ Q/2Z and does not exist δ ∈ S with the property that Q S (δ, δ) = 6 and σ(δ) ∈ 3Z for any σ ∈ S * such that Q S * (σ, h) ∈ Z, and one of the following conditions holds: B1 l(A S ) = l((A S ) 3 ) ≤ 22 − rk(S) B2 l(A S ) = l((A S ) 3 ) = 23 − rk(S) and the following conditions hold:
• If for a prime p = 2, 3, l(A S ) = 1 + l((A S ) p ), then • If l(A S ) = l((A S ) 3 ), then (−1) rk(S) ·(θ 3 ) v 3 3 = 1.
• If l(A S ) = 1 + l((A S ) 2 ) and q 2 = q • If l(A S ) = l((A S ) 2 ) and q 2 = q 1. Q A (a, a) = 3.
A 0 is an even lattice.
3. There is no δ 0 ∈ A 0 such that Q A (δ 0 , δ 0 ) = 2.
4. There is no δ ∈ A 0 such that Q A (δ, δ) = 6 and for any α ∈ A * with α(a) = 0 we have α(δ) ∈ 3Z. + 2Z ∈ Q/2Z, and if we denote G = (τ ) 
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Notation.
Throughout the paper all varieties are complex and smooth.
General notation.
Let E 8 and U be even unimodular lattices of signatures (8, 0) and (1, 1) respectively. We will also use the following lattices:
Let Q denote the bilinear form of L and L 0 .
It is known that the middle integral cohomology lattice and the primitive middle cohomology lattice of a cubic fourfold X are isomorphic to L and L 0 respectively [4] :
For a cubic fourfold X we denote by A 0 (X) the orthogonal complement to the self-intersection of the hyperplane section class in its saturated lattice of algebraic cycles:
and by T (X) the transcendental lattice of X, i.e. the orthogonal complement of A 0 (X) in
Let's choose and fix an element h 2 ∈ L of self-intersection Q(h 2 , h 2 ) = 3, and a primitive embedding L 0 ֒→ L, identifying L 0 with the orthogonal complement of h 2 .
Remark. It follows form the theory of discriminant-forms [8] (namely, from the odd analog of Theorem 1.14.4 and the discussion in section 16) that the primitive embedding L 0 ֒→ L is unique upto an isomorphism, and the orthogonal complement of L 0 in L is always generated by an element h 2 ∈ L with self-intersection 3.
Symbol ρ denotes an integer with 1 ≤ ρ ≤ 21. It will denote the rank of the (saturated) sublattice of algebraic cycles of a cubic fourfold X: H 4 (X, Z) ∩ H 2,2 (X). The range 1 ≤ ρ ≤ 21 is explained and justified by the result of Zarhin [11] , which says that for any such ρ there exists a cubic fourfold X, such that rk(
Period domain and period map.
Following [4] , we recall the definition of the period domain and the period map for cubic fourfolds.
Let C be the coarse moduli space of cubic fourfolds and D ′ be the local period domain, i.e. one of the two connected components of the analytic open subset of the quadric
Then the global period domain for cubic fourfolds is denoted by D and is defined as D = Γ + \D ′ , where Γ + is the group of automorphisms of lattice L, preserving h 2 and the chosen connected component of the quadric above. 
Lattice theoretic notation.
We will use the same lattice theoretic notation as in [8] and [7] .
In particular, for a finite group G, we denote by l(G) the minimal possible number of its generators, and for an even lattice S its discriminant form q S : A S → Q/2Z, where
For the reader's convenience let us recall the construction of the finite symmetric nondegenerate bilinear form b S : A S ⊗ A S → Q/Z and the discriminant-form q S : A S → Q/2Z, associated to a lattice S (in the definition of q S we assume that S is even). For details, see [8] .
The bilinear form Q S : S ⊗ S → Z on the lattice S extends (uniquely) to a bilinear form Q S * : S * ⊗ S * → Q on the free abelian group S * . (Note that there exists a canonical embedding of abelian groups S ֒→ S * .) Then we define:
For a lattice S we call x ∈ S a root, if Q S (x, x) = 2, and a long root, if Q S (x, x) = 6 and Q S (x, y) ∈ 3Z for all y ∈ S.
In our classification we use local invariants of even lattices. Let us recall classification of even p-adic lattices following [8] . respectively. Then we will denote by q
+ (2 k ) and 
, where
2 and v p ∈ {0, 1} of the p-adic lattice S p obtained by localization of an even lattice S will be essential for our classification. Given an even lattice S, consider the corresponding finite abelian group A = A S = S * /S and the discriminant-form q = q S : A → Q/2Z. If A = ⊕ p A p , q = ⊕ p q p is the decomposition into a direct sum of p-groups, then the p-adic lattice corresponding to S is the lattice S p = S⊗ Z Z p with discriminant-form q p :
Remark 2.1 Let S be an even lattice with discriminant-form q : A → Q/2Z, where A = A S = S * /S. Then by the Theorem above (Corollary 1.9.3 of [8] ) for any odd prime
, and so
Let us note that when v 2 = 1, we should have l(A 2 ) < rk(S).
3 Existence of cubic fourfolds for a given primitively embedded lattice.
We will use the following result of Laza and Looijenga, which we state in the form of Theorem 1.1 of paper [5] .
Theorem 3.1 [Laza, Looijenga] For a primitive sublattice M ֒→ L of rank 2, containing h 2 , and such that detM = 2 or detM = 6, consider the hyperplane The proof (whose general scheme follows the one of [7] , Corollary 1.9, for K3 surfaces) consists of the following observations. 
Any lattice with these properties has such a form for some m 0 ∈ A 0 .
Hence condition (c) is equivalent to the existence of
Without loss of generality, we may assume that Zm 0 ⊂ L is saturated. This proves equivalence of (b) and (c).
Recall the formula
where L 1 is a lattice and M 1 ⊂ L 1 is a sublattice of rank rkM 1 = rkL 1 .
We get
(1)
Proof of Claim 1:
Proof of Claim 2:
Let m 0 = aT + bh 2 , where a and b are integers.
, and Q(T, T ) =
Hence from formula (1) we get a = ±
By the Claim 1, 3T =
So, we conclude that either Zm 0 + Zh 2 is already satuarted in L, or
Claim 2 is proven.
It follows from Claim 2 and equality (1) above that either
and
Proof of Claim 3:
We argue by contradiction.
, and we are in Case (4), i.e. Q(m 0 , m 0 ) = 18.
Then there is an element T ∈ L of the form T =
m 0 ∈ L, which contradicts to the assumption that Zm 0 ⊂ L is saturated. Otherwise, an element of the form
should be an integer. This is a contradiction.
Claim 3 is proven.
Proof of Claim 4:
We argue by contradiction. Suppose Zm 0 + Zh 2 is saturated in L.
Let y ∈ L be a generator of the group
for some pair of integer numbers a ∈ Z, b ∈ Z such that at least one of them is not divisible by 3.
Z) if and only if α(y) ∈ Z, i.e. a and b satisfy relation
Such a ∈ Z and b ∈ Z always exist, and so the corresponding α ∈ Hom Z (L,
. This contradicts to our assumption.
Claim 4 is proven.

Now let us prove that (b) implies (a).
Let
, and Q(m 0 , m 0 ) = 6 by formulas (3) and (4).
Also, in this case there exists T = 
Proof: Note that the condition Q(f 0 ,f 0 ) < 0 follows automatically from the others. Condition f 0 = 0 is also vacuous.
In the next lemma and its proof we will use the notation of Corollary 3.2.
Lemma 3.5 There exists an
Let A 1 = W ∩ L 0 and P ⊂ W ⊗ R C be the intersection of W ⊗ R C with the union of hyperplanes D M from Theorem 3.1. This is well defined provided A 0 contains neither roots, nor long roots of L 0 by Lemma 3.3.
By Lemma 3.4, there exists an
Choose Σ ⊂ L 0 ⊗ Z R as in Lemma 3.5. Then there exists a cubic fourfold X and an isomorphism of lattices H 4 (X, Z) ∼ = L, which identifies the square of the hyperplane section class with h 2 , and
We then get the following identifications:
. Then the existence of a cubic fourfold X and an isomorphism of lattices
-intersection of the hyperplane section class with h 2 , and T (X) with T , is equivalent to the condition that the orthogonal complement
Proof: This follows from Corollary 3.2 by taking orthogonal complements. QED 4 Existence of primitive embeddings.
Let 2 ≤ ρ ≤ 21. We are going to study even lattices of signature (ρ − 1, 0), which admit a primitive embedding into L 0 .
For the purpose of reference, let us state some simple properties of lattice L 0 .
We will also use the following observations: 
Remark As we have already mentioned above, l(A S ) ≤ rk(S) for any lattice S. This establishes equivalence of (a) and (b).
By Proposition 1.5.1 [8] 
So, the part of (b) about the existence of the primitive embedding of S can be restated
Either we can take V = S ⊕ L 0 (−1) (which corresponds to H = {e}), and in this case the condition is:
There exists an element h ∈ A S of order 3, such that q S (h) = 
Remark. By Corollary 1.13.3 in [8] there exists a unique (up to an isomorphism) even lattice V with signature and discriminant-form as above. 
So, we proved that (b) holds if and only if either (c) or (d) holds. QED
Corollary 4.8 Let S be any even lattice. Assume that sign(S) ≤ sign(L 0 ). Then either of the following two conditions implies the existence of a primitive embedding S ֒→ L
0 : 1. rk(L 0 ) − rk(S) ≥ l(A S ) + 2.
) ֒→ Ω (case (c) of Lemma 4.7), then the orthogonal complement K of (the image of ) S contains a long root of L 0 , if and only if there exists
corresponding to the primitive embedding S ⊕ L 0 (−1) ֒→ Ω and Q K * (∆, ∆) = .
(c) If the primitive embedding S ֒→ L 0 is obtained from a primitive embedding V ֒→ Ω (case (d) of Lemma 4.7), then the orthogonal complement of (the image of ) S does not contain long roots of L 0 . (d) If the primitive embedding S ֒→ L 0 is obtained from a primitive embedding V ֒→ Ω (case (d) of Lemma 4.7), then (the image of ) S contains a long root of L 0 , if and only
if there exists δ ∈ S such that Q S (δ, δ) = 6 and for any σ ∈ S * withσ ∈ A V ⊂ A S we have: σ(δ) ∈ 3Z.
Proof: (a) Let K be an even lattice with invariants 
The construction used in Proposition 1.5.1 in [8] allows now to descibe explicitely this overlattice Ω in terms of the other lattices as follows:
where bar denotes the classes of elements in the corresponding quotients.
To simplify notation, let us denote a = |A S |.
The intersection form on Ω is defined as follows:
in Ω (with respect to the given embedding S ⊕ L 0 (−1) ⊕ K ⊂ Ω) is isomorphic to L 0 , for simplicity of notation, we denoted it by the same letter L 0 .
As a sublattice of Ω this orthogonal complement can be described as follows (using the explicit description of the intersection form above):
Suppose there exists δ ∈ S, such that Q(δ, δ) = 6, and Q(δ, L 0 ) ⊂ 3Z (i.e., δ is a long root).
In terms of the bilinear form defined above this means that
This implies that all elements of the set Q S (δ, |A S | · S * ) are integers divisible by 3 · |A S |. In other words, for any σ ∈ S * , σ(δ) is divisible by 3. This is impossible.
Indeed, since Q S (δ, δ) = 6, it follows, that Zδ ⊂ S is a primitive sublattice. Hence δ can be complemented to a basis in S: {e 1 = δ, e 2 , . . .}. Now take σ ∈ S * to be the first element of the dual basis, i.e. σ(e 1 ) = 1, and σ(e i ) = 0 for any i ≥ 2. In particular, we get that σ(δ) = 1, which is not divisible by 3.
So, we arrive at contradiction and conclude that there is no long root in this situation.
Then δ ∈ K is a long root of L 0 , if and only if Q K (δ, δ) = 6 and (ker(p))(δ) ⊂ 3Z. In particular, Q K (x, δ) ∈ 3Z for any x ∈ K. Let δ ∈ K be a long root of L 0 . Then we can take ∆ =
+ 2Z, and so∆ satisfies the required conditions. Suppose that ∆ ∈ K * is such that its class∆ ∈ A K has a form (0, ±1) and Q K * (∆, ∆) = . Then δ = 3∆ ∈ K will be a long root of K.
(c) According to Proposition 1.12.2 of [8] , the existence of a primitive embedding V ֒→ Ω amounts to the existence of an even lattice K of signature sign(K) = sign(L 0 ) − sign(S) and a group isomorphism γ :
Then Ω can be viewed as an overlattice of V ⊕ K, which is the preimage of the graph Γ γ of γ under the natural projection
Note that according to the construction used in Proposition 1.5.1 of [8] , we can describe V explicitly as an abelian subgroup of S * ⊕ L 0 (−1) * as well:
Moreover, we have a sequence of embeddings of abelian groups S ⊕ L 0 (−1) ֒→ V ֒→ V * ֒→ S * ⊕ L 0 (−1) * , where V * is the preimage of the orthogonal complement of the graph Γ γ as above, and so it can be described explicitly as follows:
Let us denote G = (h)
Then L 0 as a sublattice of Ω (i.e. the orthogonal complement of L 0 (−1)) can be described as follows:
a long root of L 0 , then as in part (a), we get a primitive nonzero sablattice Zδ ⊂ K such that for any κ ∈ K * , κ(δ) ∈ 3Z, which is impossible.
Hence K does not contain long roots of L 0 . 
) and the following conditions hold:
• If l(A) = l(A 3 ) + 1, then
• If l(A) = l(A 2 ) and q 2 = q
in this case also rk(S) > l(A)).
Proof: Let us denote V = S ⊕L 0 (−1). Then rk(Ω)−rk(V ) = 22−rk(S),
From Corollary 1.12.3 of [8] we know that if 22 − rk(S) ≥ l(A V ) + 1, then a primitive embedding V ֒→ Ω exists. So, we may assume that l(A V ) = 22 − rk(S).
In this case, by Theorem 1.12.2 of [8] a primitive embedding V ֒→ Ω exists, if and only if the following conditions hold:
Using Remark 2.1, we can rewrite these conditions as follows:
This gives the lemma. QED Lemma 4.14 Let S be an even lattice with signature sign(S) = (t
Let τ ∈ A be an element of order 3 such that q S (τ ) = 2 3 ∈ Q/2Z and V be the even lattice with signature sign(V ) = sign(S) + (2, 20) and discriminant-form
Then there exists a primitive embedding V ֒→ Ω, if and only if one of the following conditions holds:
B2 l(A) = l(A 3 ) = 23 − rk(S) and the following conditions hold:
• If l(A) = 1 + l(A 2 ) and q 2 = q
B3 22 − rk(S) = l(A) > l(A 3 ) and the following conditions hold:
Proof: Note that rk(Ω) − rk(V ) = 22 − rk(S). A = A V ⊕ Z/3Z, and so for any p = 3,
From Corollary 1.12.3 of [8] we know that if 22 − rk(S) ≥ l(A V ) + 1, then a primitive embedding V ֒→ Ω exists. So, we may assume that l(A V ) = 22 − rk(S). (1) If for a prime p = 2, 3, l(A p ) = l(A V ), then
Using Remark 2.1, we can rewrite these conditions as follows: • If for a prime p = 2, 3, l(A) = l(A p ), then
B There exists h ∈ A an element of order 3 such that q S (h) = 2 3 ∈ Q/2Z, there is no δ ∈ S with the property that Q S (δ, δ) = 6 and σ(δ) ∈ 3Z for any σ ∈ S * such that Q S * (σ, h) ∈ Z, and one of the following conditions holds:
• If l(A) = l(A 2 ) and q 2 = q 
Proof: We apply Corollary 3.6 and Lemma 4.15. B There exists an even lattice K without roots with signature (ρ − 1, 0) such that there exists ∆ ∈ K * with the following properties:
Since isomorphisms
Assuming K exists, even lattices U 23−ρ ⊕ K and T (−1) ⊕ L 0 have the same signature (t + , t − ) = (22, 23 − ρ) and discriminant-forms. We see that t + ≥ 1, t − ≥ 1 and
Hence these two lattices are isomorphic by Corollary 1.13.3 of [8] .
In addition, by Theorem 1.14.2 of [8] every automorphism of A T (−1)⊕L 0 (preserving discriminant-forms) is induced by an automorphism of the lattice
Hence condition (B) is equivalent to the condition stated in the theorem (the reader may want to recall Proposition 1.5.1 from [8] at this point). QED 6 Classification theorem for algebraic saturated sublattices of intersection lattices of cubic fourfolds.
For a cubic fourfold X we denote by A(X) the saturated sublattice generated by its algebraic cycles: 
2.
A 0 is an even lattice.
There is no
4. There is no δ ∈ A 0 such that Q A (δ, δ) = 6 and for any α ∈ A * with α(a) = 0 we have α(δ) ∈ 3Z.
For any
6. There exists an even lattice K of signature
Remark 6.2 Note that the bilinear form b K : A K ⊗ A K → Q/Z of the quadratic form q K coincides with −b A . In particular, it is nondegenerate. Together with condition 5, this guarantees that the discriminant form q K given above is well-defined. 
6.2 23 − ρ ≥ l(A * /A).
If p is an odd prime and 23
So, for condition 6 to be satisfied, it is sufficient to require that ρ ≤ 11 and 11 − ρ ≡ sign(q K ) mod (8) .
Proof:
The full algebraic sublattice A(X) of the intersection lattice H 4 (X, Z) of a cubic fourfold X is equal to the saturation of Zh 2 + A 0 (X) in H 4 (X, Z). So, we have to find a primitive embedding A ֒→ L, such that some element a ∈ A goes to h 2 ∈ L, and its orthogonal complement becomes identified with L 0 . As we remarked in section 2.1, it is sufficient to require that the image of a ∈ A in L has self-intersection 3, and its orthogonal complement (in L) is even. (It follows then from the Nikulin's theory [8] that there is an automorphism of L, which identifies a with h 2 , and its orthogonal complement with L 0 .) According to Corollary 3.2, the image of the orthogonal complement of a in A under this primitive embedding in addition should contain neither roots, not generalized roots of L 0 . So, we are looking for odd lattices A that satisfy the following condition:
There exists an even lattice K and a primitive embedding φ : A ֒→ L, such that Q A (a, a) = 3, (Zφ(a)) ⊥ L is even and φ((Za) ⊥ A ) contains neither roots, nor long roots of (Zφ(a)) ⊥ L . From the version of Proposition 1.6.1 ( [8] ) for odd lattices, we know that existence of primitive embeddings is related to the existence of lattices with specific properties. Using this criterion, the lattices A we are looking for can be described as follows:
A is an odd lattice, such that there exists an even lattice K with signature sign(K) = sign(L) − sign(A) and a group isomorphism γ : A K Here we denote by Γ γ ⊂ A A ⊕ A K the graph of the isomorphism γ : A K ∼ − → A A , and by π : A * ⊕ K * → A A ⊕ A K the projection map. Then by the construction, used in the proof of Proposition 1.6.1 of [8] , we know how to find the overlattice A ⊕ K ⊂ L explicitly: it is isomorphic to the lattice π −1 (Γ γ ):
Since |A A | = |A K |, the intersection product on π −1 (Γ γ ) is defined as follows:
From this we find, that lattice (Z(a, 0)) ⊥ π −1 (Γγ ) inside π −1 (Γ γ ) can be described explicitly as follows:
(Z(a, 0))
The condition that (Za) ⊥ A ⊕ (0) ⊂ A ⊕ K ⊂ π −1 (Γ γ ) contains neither roots, nor long roots can be reformulated as follows:
There does not exist δ 0 ∈ (Za) ⊥ A such that Q A (δ 0 , δ 0 ) = 2, and there does not exist δ ∈ (Za) ⊥ A such that Q A (δ, δ) = 6 and for any ξ ∈ (Z(a, 0)) ⊥ π −1 (Γγ ) , Q ∞ (ξ, δ) ∈ 3Z (i.e. for any (α, κ) ∈ A * ⊕ K * such that γ(κ) =ᾱ and α(a) = 0 we have α(δ) ∈ 3Z).
The condition that (Z(a, 0)) ⊥ π −1 (Γγ ) is even can be restated as follows: For any (α, κ) ∈ A * ⊕ K * such that γ(κ) =ᾱ and α(a) = 0 we have Q A * (α, α) + Q K * (κ, κ) ∈ 2Z.
We conclude that for an odd lattice A of signature sign(A) = (ρ, 0) there exists a cubic fourfold X and an isomorphism of lattices A ∼ = A(X) if and only if there exists a ∈ A, such that if we denote A 0 = (Za) ⊥ A , then the following conditions hold: 1. Q A (a, a) = 3.
2.
4. There is no δ ∈ A 0 such that Q A (δ, δ) = 6 and for any α ∈ A * with α(a) we have α(δ) ∈ 3Z. Taking into account that A is odd, the last condition gives the description of the discriminantform of the lattice K: q K : A A = A * /A → Q/2Z, α → (α(a)) 2 − Q A * (α, α) + 2Z.
In order for this discriminant-form to be well-defined we need to require that:
Taking this all together, we obtain the criterion, stated in the theorem. QED
Remark. If we consider the lattice with underlying free abelian group equal to A, but with the bilinear form given by Q(x, y) = Q A (x, a) · Q A (y, a) − Q A (x, y), we will get a well-defined even lattice everywhere locally. At the same time, it is clear that it has no roots (over Z). Since it has signature (ρ − 1, 0) with ρ = 5, Corollary 5.1 implies that there exists a cubic fourfold X such that the lattices A 0 and A 0 (X) are isomorphic.
